We express the special Galilean transformation in the algebraic ring of the dual four-component numbers.
Introduction
In the previous paper [1] we have presented the relations between different two-component number systems and the corresponding two-dimensional space-time symmetry groups. In order to find similar relations between the physical four-dimensional space-time symmetry groups and the corresponding number systems we need to extend the existing two-component number systems to the four-component ones. As is well known the Lorentz transformation of a boost of v in the x direction can be written as a relation between the four-component numbers called quaternions [21 where x = ct+ixj ej and el, e2, e3 are the quaternion units. Here the question arises whether it does exist such a four-component number by which one can express the special Galilean transformation in a similar form as (1). We will show that this can be achieved by means of the dual four-component number system which represents the extension of the dual two-component number system. However, before doing this let us recall some facts regarding the two-component number systems [1] .
It is well known that a two-component number system forming an algebraic ring can be written in the form Z = α d-eb, α, b E R, where a is a certain "imaginary" unit. The algebraic structure of a ring demands that the product of each two-component numbers Z1 = α -F eb and Z2 = c+ ed, ( 
919)
V. Majernik belongs to the ring as well. Therefore, e2 = β + εγ , β , γ ε R. An important mathematical theorem states that any possible two-component number can be reduced to one of the following three types [3] . The "imaginary" unit will be denoted by i, a or p, respectively, in each of the three specific cases listed below:
(i) the complex numbers Z, = α + eb with ε2 = i2 = -1,
(ii) the binary numbers [3] (called also the double [4] and anomal-complex [5] ) Zb = α + εb; with ε2 = λ2 = 1 and (iii) the dual numbers, Zd = α + eb, with e 2 = µ2 = 0.
The criterion for the membership to one of these two-component number systems is given by the sign of the expression Q = (β + λ/4). If Q is negative, positive or zero then we get the complex, binary or dual numbers, respectively.
The usual operations done for the complex numbers, such as absolute value, goniometric form, and Euler formula, have corresponding operations in other two-component systems. For a number, Z = α + eb, from any of these three number systems its conjugate is given as Z* = α -eb and its absolute value is defined as RZI = √|ZZ*|. All Z can be expressed also in the goniometric form Z = exp(εϕ), ϕ = F(α/b), where 4) = arctan(α/b) holds for the complex, = arctanh(α/b) for the binary and 4) = (αlb) for the dual numbers, respectively.
Four-component number systems and Galilean transformation
The four-dimensional extension of the complex two-component number system represents the system of Hamiltonian quaternions. A Hamiltonian quaternion is defined as [2] with the multiplication scheme for the quaternion units where εijk represent the components of totally antisymmetric tensor. Hamiltonian quaternions have a large field of application in mathematical physics (see, e.g. [2] ). The corresponding four-component numbers which represent the four-dimensional extension of the two-component binary numbers are the hyperbolic quaternions. They have a wide use especially in supersonic fluid mechanics [6] . Another form of quaternions, called the biquaternions, play an important role by the compact and elegant formulation of special relativity, electrodynamics and supersymmetric theories (see, e.g. [7] ).
Next we will show that Galilean transformation can also be written in the frame of the four-dimensional number system which represents a four-dimensional extension of the two-component dual numbers. The element of this system is a dual four-component number (DFN for short) defined as The formulation of Galilean transformation by means of DFNs has not only a certain elegance and aesthetic appeal but it shows that the linkage between the space and time exists also in the Newtonian physics. Moreover, it may have a considerable heuristic value for the study of the underlying mathematical formalism of physical laws.
A possible use of two-component numbers in integration
Let us finish with a mathematical curiosity connected with the dual two-component ', umbers. As is well known the Euler and Moivre formulas for the complex, binary and dual numbers are respectively. By means of Eqs. (5a), (5b) we get the identities Taking into account that (1 + μ)(1-μ) = 1 and using again Eq. (5d) we get finally We realize that here the integration by means of dual numbers requires larger procedure than the use of other common integration-methods. Nevertheless, it shows an interesting and curious way of integration of a certain type of function in the form of a sum of simple exponential functions. We note, that using the all two-component number systems, a considerable large class of functions of the type F(x) = P1(x)P2(sin x, cos x)P3 (sinh x, cosh x)P4 (exp (x)), where P1, 132 , P3 and P4 stand for polynomials, can be written as a sum of certain exponential functions. However, a multicomponent number system, whose detailed mathematical analysis would exceed the scope of this paper, will be subject of a subsequent paper.
